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Introduction

In this thesis a partial order on the unitary group of a n dimensional unitary
vector space will be defined, referring to Thomas Brady’s and Colum Watt’s
paper "A Partial Order on the Orthogonal Group” [BW02]. In [BWO02]
Brady and Watt regard a finite dimensional vector space over any field and
the orthogonal group with respect to a symmetric bilinear form instead.

As it is possible to find unitary matrices operating on a vector by trans-

posing its entries, we regard the symmetric group .S, as a subgroup of the
unitary group U(C").
We will prove that the partial order being transferred from U(C™) to S, is
the same as the one being defined by Brady in reference paper [Bra0Ql] using
the length function of the Cayley Graph, counting the minimum amount of
consecutive transpositions the permutation can be displayed as.

We find that a permutation 7 € S, is lower than or eqal to another
permutation o € S, if and only if each cycle of 7 is contained in a cycle
of o, 7 is ordered consistently with ¢, and 7 has no crossing cycles with
respect to . Therefore we define a cycle to be ordered consistently with an-
other permutation without using the < relation, and we give the definition
of crossing cycles not before we have characterized the meaning of a cycle
c; being lower than or equal to a permutation o.

We regard S3 and Sy as examples.

The cycle structure of a permutation o defines a partition of the set
{1,...,n}. We will denote it {o}. Since the set II,, of partitions of the set
{1,...,n} has a natural partial order, we consider the subposet of S,, given by
the ”allowable elements” .27, so that for each 7 and o € & we have 7 < ¢ if
and only if {7} < {o}. We know that the set NC'P(n) C II,, of non crossing
partitions is a partial ordered set and with a meet and join operation it does
form a lattice. Since for h: &/ — II,,,0 — {0} it is im(h) = NCP(n), we
can define meet and join for elements of ./ with regard to the definition for
NCP(n). Finally we prove that the set of allowable elements </ with the <
relation of S, and with the given meet and join operation does form a lattice.

We generalize this statement and regard the unitary group over C" again:
We take a restriction of the unitary matrices to an interval [A,C] with
A,C eU(C"), A<C, and if we define m := |V| — |V4|, we find that [A, C]
is isomorphic to the lattice of subspaces of C™. Using this at the end we get
to a strong version of the Cartan-Dieudonné Theorem, with respect to the
fact that char(C) # 2.



1 A Partial Order on the Unitary Group

Let n € N be a finite number and regard C" the n-dimensional complex
vector space. The complex scalar product of two complex vectors

aj bl n
a:=| : | andb:=| : | is defined via <a,b>:= Zail;i.
an by, =1
The set of matrices {M € (C”X”} < Me;, Me; >=1Vi € {l,...,n} and

< Me;j,Me; >= 0 Vi,j € {1,....,n}, i # j} represents the unitary group
U(C™) together with the matrix multiplication as its binary operation.

For all A € U(C™) we define W4 := ker(A —I) and V4 :=im(A —I).
We will write |W4| for dim(Wy) and |V4| for dim(Va).

For any subspaces X, Y C C" we will write X_LY for the unitary direct
sum of X and Y and we define X+ := {y ¢ (C”’Va: € X :<uz,y>=0} as
the subspace of all vectors being unitary to X.

Proposition 1.1 (Brady and Watt, Reference [BW02], Proposition 1)
For all A € U(C™) we get the following states:

1. Wy is the +1-eigenspace of fs : C" — C", z — Ax.
2. C" =V 1l Wy.

Proof.

lLzeWagsarcker(A-I) e (A-Nr=0Av=ac s 2 c Ef, (1),
where Ey, (1) := {z € C"|fa(z) = 1-z} is the +1-eigenspace of f4.

2. This can be proofed analoguely to reference [BW02] with the complex
scalar product instead of the real scalarproduct:

e The subspaces are unitary: Regard any v € V4, w € W4. Since
Vq =im(A —1) there exists z € C" so that (A—1I)z = v. We get
<v,w> = <v,(A-IDz>=<v,Az—z>=<v,Az>—<v,z>
= <Av,Az>—<v,z2>=0

since A € U(C") &< Az, Ay >=< z,y > Vx,y € C".

e Since the subspaces are unitary and the dimensions are comple-
mentary we get C" = V4 @ Wa.



Corollary 1.2
1. Vi=Wa and Wi =V,
2. |[Val =n— |Wy| and [Wa| =n — |V4|
3. WanWp C Wyp

Proof. The first and the second state follow directly from Proposition 1.1.2.
Regard x € W,4NWpg. Using Proposition 1.1.1. we get for all z € WaNWpg :
Az = x and Bz = z. It follows (AB)x = A(Bz) = Az = z, which means
T € Wyp.

O
Lemma 1.3 For any Subspaces X,Y C C":
L (X+Y) P =XtnYt and Xt +YL =(XnY)t
2. | X|+|Y|=|X+Y|+|XNY]|
Proof.

1. Forany 2 € C" wehave z € (X +Y)t & Vs € X +Y < 2,8 >=0%
Ve XVWeY <zz+y>=0&VeeXVyeY <zx>+
< z,y >= 0. Because 0 € X and 0 € Y we get, that this is equivalent
toVer € X :< z,x >=0AVy € Y :< z,y >= 0, which exactly means
z € X+NY*. The other state follows directly by regarding X+ instead
of X and Y instead of ¥ and using (X+)t = X and (YH)L =Y.
It is (X)L = X, because C" = X & X+ = (X)L @ X+ ([Fis79],
”Orthonormalisierungssatz”, Corollary 2).

2. A proof for this common state can be found e.g. in reference [Fis79)
(" Dimensionsformel fiir Summen”).

O

Proposition 1.4 For all A, B € U(C"): |Vap| < |Va| + |VB|.

Proof. Regard
[Val + Vs s n—|Wal+n—[Wsg|=2n—([Wal + |[Wg])

Corollary 1.2.2

= 2n—(|Wa+Wg|+|WanWg]|)

Lemma 1.3.2 cCcn CWap
Corollary 1.2.3
> 2n — (n+ |Wagl|) =n — [Wag| ? |Vas|

Corollary 1.2.2



O

Definition 1.5 (Brady and Watt, Reference [BW02|, Definition 1) For all
A € U(C") and for all B € U(C"™) we define

A<C & |Ve|=|Va| + |Va-1¢]

Proposition 1.6 (Brady and Watt, Reference [BW02|, Proposition 3)
The relation < is a partial order on U(C").

Proof.

e Reflexivity: It is |V;| = |im(I — I)| =0 < for all A € U(C"):
[Val = |Va| + |VI| = [Va| + |Va-14| @ VA€ U(C"): A< A
e Antisymmetry: Suppose A < C and C < A.
Then [Vo| T [Val + [Va-1cl T Vel + [Vo-1al + [Va-rcl.
A<C c<A
This gives Vg-14 = Vy-1c = {0} and A = C.
e Transitivity: Suppose A < B and B < C. Then

Vel = 1Vaa—cl < [Val + [Va-1c]
Propos?tion 1.4
= [Val +[Va-1pp-1¢]
% [Val + [Va-1p] + V-1

Proposition 1.4

= [Val + (IVBl = [Val) + (Ve| = [VB]) = [Val.

So we have actually equality for every line, which gives |Vo| = |Va| +
|V4-1c| and further A < C.

O

Corollary 1.7 (Brady and Watt, Reference [BW02], Corollary 1)
For all A € U(C"), for all C € U(C"):

A<SCeVe=Vid V1o

Proof. Define B := A~'C € U(C"). With regard to reference [BW02],
Corollary 1, we show |Vap| = |Va|+ |VB| © Vap =Va & V3.
The proof of Proposition 1.4 gives |V4| + |Vp| > |Vap| and further

Wy +Wp=Cn"
Vag| = [Val + V3] { AT

WanWg =Wyup



Using Lemma 1.3.1 and Corollary 1.2.1 we get that this is equivalent to

(hool, wnen-ve
U
Lemma 1.8 For all A,B € U(C"): A"'Bc U(C"),BA~! € U(C") and
A<B & A'B<B
& BAT'< B

Proof. The states A~'B € U(C") and BA~! € U(C") are trivial since
U(C™) is a group.
Since B is invertible, we get |Vz-145| = [im((B~'AB) — I)|
= |im(B~Y(A - I)B)| = |im(A — I)| = |V4|. Using this, we get
A<B & |Vl = [Vaip[+|Val
= [Va-1p| +[Vp-145
= |[Va-ipl+ Via-1p)-18]

< A'B<B
and
A<B& |Vl = [Viap|+ V4
= |Veu-1p)p-1|+ [Vap-15|
= |Vea-1|+|Viga-1)-18
< BA ' < B.

Lemma 1.9 For all A,B,C € U(C"): If A< B < C, then
A"'B< A71C and B~'C < A7 1C.

Proof. (Brady, paper |[Bra0l], Lemma 3.10) Assume A < B < C. Then:
A<B < V[ =[Val+ Va5l (1)
B<C < [Vel=[Vs[+[Vp-1cl (2)
With transitivity: A <C & |[Vo| = [Va| + |[Va-1c|  (3)

Inserting (1) into (2) gives |Vo| = |Va| + [Va-1p| + [V-1¢|- Regarding the
difference with (3) we get
0= [Varpl +|Vp-10| = [Va-1cl
& |Va-el = Va-ipl+ [Va-1p)-14-10]
& AlB<Alc



which is the first result. Using Lemma 1.8 for A:= A"'B € U(C") and
B:=A"1C € C" we get

A'B < B
s B A4l < ATlC
= B 'c < Alc

which is the second result.
O

Note: In reference (Brady, paper [Bra0l], Lemma 3.9 and Lemma 3.10) one
direction of Lemma 1.8 and Lemma 1.9 are given for the special case of the
symmetric group. One part of Lemma 1.9 is stated in (Brady and Watt, ref-
erence [BW02], Proposition 3) for the partial order on the orthogonal group.

Theorem 1.12 (Brady and Watt, Reference [BWO02], Theorem 1) We fix
C € U(C™). For all subspaces S C Vi there exists a unique A € U(C") so
that A< C and V4 = S.

In order to prepare the proof for this theorem, we define the subspace
Xg:={x € VC}(C — Iz € S}. Since S C Vi we get (C —1)Xg =S5. We
now get the following Lemmata:

Lemma 1.10 (Brady and Watt, Reference [BW02], Lemma 1)
Xs® S+ =C"
Proof.

1. Since (C' —I) is invertible when restricted to Vo = im(C — I), we get
a bijection Xg — S,z +— (C — I)x. This leads to | Xg| = |5].

2. XgN S+ = {0}: Regard any vector in the intersection z € Xg N S+.
We find some s € S such that Cz = x + s. Using C € U(C") we now
get:

<z,x >=<Czx,Cxr>=<zx+s,x+s>=<z,x>+ <85>

which leads to < s,s >= 0, and further s = 0. So (C'—I)xz = 0. Since
(C — 1) is an isomorphism when restricted to Xg, we get z = 0.

Using 1. we get |[S*| = n — |S] = n — | Xg| and together with 2. we get
Xs ® St =cn.

O



Lemma 1.11 (Brady and Watt, Reference [BW02], Lemma 2 and
Lemma 3)
IfA<C andVa =S, then Wy-1o = Weol Xg.

Proof.
1. We L Xg : This follows since We LV and Xg C V.

2. Wa-10 € WolXs: Regard any 2 € W4-15. Then A='Cz = 0 and
Cr = Az and (C — Iz = (A — I)z. Since C" = W LV we find a
unique y € W¢ and a unique z € Vo such that x = y + z. We get
z € Xg because of (C —1)z=(C—-TNax=(A-1T)xeVy=2_5.

3. [Wy-1c| = |[We + Xs|: Weuse A < C & |Vy-i1c| = |Ve| — |Val and
[Val = |Xs| and get [Wy-1c| = n—[Va-rc| = n = (Ve| = [Val) =
n—|Vo|+|Xs| = [We|+|Xs|. Because of WeNVe = () and Xg C Vi we
get WeNXg = () and with Lemma 1.3.2 it is |[We |+ | Xg| = |[We+ X5

(1.), (2.) and (3.) together give the result.
(]

Proof of Theorem 1.12 Because of Lemma 1.10 we can define a matrix
P describing a projection on Xg, via Pxr = x for any z € Xg, and Ps =0
for any s € S*.

According to Brady and Watt (Reference [BW02], Lemma 4) we now
define A :=1+ (C —I)P, and show:

e V4 = S: Because of the definitions of A, P and Xg we get V4 =
im(A—1I)=im((C —-1)P)=(C-1)Xg=S.

e A < (C: For any z € C" we have for any B € U(C"): =z € Wp &
(B-It =0& Br=x 2 =B < x € Wg, and using
Proposition 1.1.2 we also find Vg = V-1. We further express:

C'A-T = c'g+(C-npP)-I=Cc'4+0c(C-DNP-1
= Cclyp-CctP-I=(C'-D+PUI-CT
= (c'-n-PC'-I)=(T-P)(C'-1).

So we now get
(Waicl = [Wuig)1| = [We1a] = [ker(CT1A = 1)
= |ker((I - P)(C™' = 1))
Since C~!' —1T is an isomorhism when restricted to Xg, we further have

ker(I—P)(C™' =1))| = |ker(I = P)|+ |ker(C™' = 1T)|
= | Xg|+|We| = [S]|+ [Wel| = |Va| + [We



and further

[Wa-1c| = [Wel| + [Val
& n— Vil =n— Vol + V4
& Vol =[Va-1c] +[Val
& A<C

e A e U(C"): Regard any z,y € C". Using Lemma 1.10 we can find
T = x1+T9, Y = y1 +y2, with unique vectors z1,y1 € Xg, 22,92 € S*.
Since the definition of A leads to the identities Ax1 = Cx1, Axo = xo,
Ay = Cyp and Ays = 9, we can show < Ax, Ay >=< x,y > in the
same way as Brady and Watt (Reference [BW02], Lemma 5).

e A is unique: (Brady, Watt, Reference [BW02|, Lemma 4) Suppose
there is an A’ < C and Vg = S. Then Wy = Vi =St = (A—1I)s
= 0Vs € S*. On the other hand Lemma 1.11 gives Xg C Wa-10,
such that for all z € Xg we have A’~'Cz = 0 which means A’z = Cxz.
Since (A’ — I)s = 0 for all s € S+ and (A’ — Iz = (C — I)x for all
re€Xg,weget A—IT=(C—-I)P=A—1and A = A.

Corollary 1.13 (Brady and Watt, Reference [BW02], Corollary 2)
If S is an invariant subspace of C, then the unique induced transformation
on S is the restriction of C' to S.

Proof. We have S C Vo with (C—1)S=5 = Xg= 5.
Then by Theorem 1.12 A — I = (C — I)P with P as the projection on S:
P(s+s') = s for any s € S and any s’ € S*.

O

Corollary 1.14 (Brady and Watt, Reference [BW02], Corollary 3)

If S is a one dimensional subspace of V¢, then there exists a € C,

|a] = 1, # 1, such that the unitary transformation induced by C on S is
z ifze St

iven by Az =
8 Y az Lif z € 8S.

Proof. We have St = Xg and 1 = |S| = |V4| = |im(A - I)| = 3o’ €
C,d/ 20: (A—Drx=dzVre Xg=3JaeC,a#1: Az = ax Vz € Xg.
Since A € U(C"™) we have < Az, Ay >=< z,y > Vz,y € C". Especially
forx =y =e1 we get 1 =< e1,e1 >=< Aej, Ae; >=< aer,ae; >= ad <
e1,e1 >=|al?. So Ja| =1 and a # 1.

O



Note: In reference [BWO02] Brady and Watt regard an n-dimensional
vector space over any field F, and the orthogonal group with respect to a
symmetric bilinear form instead of the complex scalar product. Since the
complex scalar product is conjugate linear and not bilinear, we can just fol-
low |a|? = 1 here, but not a? = 1 like in reference [BW02]. In [BW02] we
see that if char(F) # 2, then it follows a? = 1,a # 1 = a = —1, so that A
would be the orthogonal reflection in S+.

2 The Symmetric Group as a Subgroup of the Uni-
tary Group

Lemma 2.1 The symmetric group Sy,, representing the permutations of n
elements, is isomorphic to a subgroup of the unitary group of C"

S, <U(C")
as the function

f:S, = UC")

o — fs
with the unitary map
fo:C" — C"
T Z1
: = | o) €o(n) :
Tn Tn
=My

is a well defined monomorphism.

Proof. We can identify the linear function f, with the matrix M,. The
function f is well defined, because for all o € 5, the matrix M, is unitary.
The function f is injective since distinct permutations 7,0 € S,, give distinct
matrices M, # M, and so fr # f,.
We have for all 7,0 € S, for all i € {1,...,n}:
M;Mge; = Mrey) = ey with j = o(i)
= er(o(i)) = Mro€i,

which gives f(ro) = f(7)f(0).

10



Proposition 2.2 We further define W :=< | : | > and V := W+ and get

1. W is a subspace of Wy, for all o € S,,.

2. W = W), for at least one o.

3. For all 0 € S,,: [Wyy, | =11if and only if W = Wj,, .
Proof.

1. W < Wy, as for any o € S, and for any k£ € C we have

1 k k 1
M, (k ) =M, = =k
1 k k 1
1
which means £ | : | € W, Vk € C.
1

2. W =Whny, ,» as W is the +1-eigenspace of

Ma..n) = | €2

63‘...‘6n‘61

3. W = Wy, then [Wy | = |W| =| < |[:] >| =1 The other

direction follows directly from 1.

Notes:

o Later we will see that W = W), if and only if the permutation o can
be identified with a n-cycle.

e Using W = W), for at least one o € S;, we get the states of Proposi-
tion 1.1 and Corollary 1.2 also for W and V.

11



e Because of C" =V @ W we find for every x € C" exactly one v, € V'
and exactly one w, € W with = = v, + w, and get for all 0 € S,

fo‘(m) = fa(vxTwa) ? fU(Ux)+fa(wx) ? fa(vz)+waz-
fo lin. W<Wpy, 1-eigensp.

This shows, that it is enough to know, how f, behaves on V = C"/W.
Instead of f, we could also regard the function

fU/W:(Cn/W — (Cn/w
[z] = [f(2)]

without loss of generality.

3 A Partial Order on the Symmetric Group

Regard the length function

1:S, — {0,....,n—1}
o — (o),

giving the minimum amount of consecutive transpositions the permutation
o can be represented as.

Definition 3.1 (Brady, Reference [BraOl], Definition 2.1) For all 7,0 € S,
we define

r<o: (o) =11)+1(t"10)
Lemma 3.2 For all o € S, it is

l(o) = |V, |-

Proof. Let o be any permutation of n elements. Without loss of generality
we represent it as 0 = (py0) Qo)) - - - (P1q1) With p; # p; A @i # q; Vi # ]
and if ¢; = p; = j = i + 1, making up a shortest finite sequence of consecu-
tive transpositions the permutation o can be displayed as.

We regard |V, | = rk(M, — I), where rk is the column rank.
We define oy := id and oy := (prqx) - .- (p1q1) for any k € {1,...,1(0)}. We
show via induction that rk(M,, —I) =k for all k € {0,...,1(c)}, especially
for k =1(0).

1. Base Case k=0: rk(M,, — ) =rk(I —I) =0.

12



2. Induction Hypothesis: rk(My, — I) = k for some k € {0, ...,1(c) — 1}.

3. Induction Step k — k+ 1: We show rk(M, I)=rk(My —I)+1.

k+1

Let L be any linearly independent system of column vectors of M,, — 1
with |L| = rk(M,, —I). Then L is a basis for im(M,, —I) = Va,, .
We define a := max{{1} U{i € {2,....k + 1}|¢ # pi-1}}-

e If a =k +1, then o411 = (Pr+19a) (Prak)---(P1q1) With o # pi-
—_——

=0k

We get
or(pi) = opr1(ps) Vi € {1,...,k}
— ok(q;) = ops1(qi) Vi € {1, ...k}
— 0k(Pk+1) = Pkt # k1 = Okt1(Pr+1)
= 0k(Qk+1) = Qb1 7 Prt1 = Ok+1(q+1)-
o If a <k, then we can display
Okt+1 = (Pk+1Pk---Pat1Pada) (Pa—19a—1)---(p1q1) and
0t = (Pk---Pa+1Paba)(Pa—1Ga—1)---(P1q1) With gi11 = p;
for all i € {a,...,k}. We get
— ok(pi) = opr1(pi) Vi € {1, ...k}
— ok(@i) = okt1(q) Vi € {1,....k + 1} \ {a}
= 0k(Pk+1) = Pkt1 # Qb1 = Pk = Ok41(Pk+1)
— 0%(¢a) = Pk = Qk41 7 Pit1 = k+1(da)-

_)

This gives oy(i) = ox4+1(4) for all i € {1,...,n} \ {Pr+1,Ga}-

Then, since (My, — I)e; = e, () — €i and (M, ,, — I)ei = €5, (i) — €
for all i € {1,...,n}, the following columns of the two matrices are
equal:

(Mo'k - I)ei = (M0k+1 - I)ei Vi € {1a an} \ {pk-l—l»(Ia}'

The other two columns are given by

T = (Mok - I)ekarl = Cpry1 — Cppy1 T 0
Tey1 = (Mo, —Depyy = €quy — eppy 70
€qe —€q, =0, fa=k+1
Y = (MUk - I)eQa = é I .
ep, —€q, 70, fa#k+1

Yk+1 = (M0k+1 — ey, = €pr+1 ~ Cqa # 0

13



We get

fa=k+1= 21 +ypr1=0=yg
Ifa#k+1= qu41 =Dk = Thp1 + Yrt1 = Yk,

which gives xx41+Yyr+1 = Yk in both cases. Together with the relation
zp =0¢ L we find

[ LU{rgi1}, if y ¢ L
(L\A{yr}) U{zps1,Yp41}, e €L

as a maximal system of linearly independent column vectors of

My, — I, which means a basis for im(M,, ., — 1) = Vidoy,,

e The system Ly := L U {xps1} is linearly independent in every
case, because zpy1 has an entry on position pgy1, which cannot
be displayed as a linear combination of vectors of L: All vectors of
L are column vectors of M,, — I, and since ok (pr+1) = Pr+1, the
entry on position py41 is zero for all column vectors of M,, — I.

o If y, € L, the system Lo := (L \ {yx}) U{Zkt1,Yr+1} is linearly
independent, since yr+1 = yx — Tgx+1 and L is linearly indepen-
dent.

e The system L3 := L U {wky1,Yk+1} is linearly dependent: The
vectors zpy1 and yiy1 are both not in L, because each has an
entry on position pgi1. It is yy either a vector of L or can be at
least displayed as a linear combination of vectors of L, but also
as a linear combination of z;1 and ygy1 via yp = Tpr1 + Yrr1-

This means |L'| = rk(Mgy,,, —I). It is |L1| = |L| + 1. If y;, € L, then
|Lo| = (|[L| —1)4+2 = |L| + 1. So we have |L'| = |L| + 1. Using the
induction hypothesis, this gives the result.

Theorem 3.3 Regard f : S, < U(C™) the monomorphism defined in
chapter 2. For all 7,0 € Sp:

T<os M, <M,

Proof. This theorem follows directly from Lemma 3.2 since

r<o:=l(o)=I1(r)+1(r o) & |Var,| = |[Var. | + Vi, | & My < M.

O

14



Lemma 3.4 (Brady, Reference [Bra0l], Lemma 2.2)
For all 7 = 11...7;; € S, with k disjoint cycles, it is I(T) = Zle [(x).

Proof. The proof given in [BraOl] is: ”The disjoint cycles of 7 can only be
factored as products of transpositions using disjoint sets of transpositions”.
Note: Since the cycles are pairwise disjoint, the intersection Vi, N V. is
empty for ¢ # j, and we have Vj; = @le Vi, and especially Var. | =

Zle [V, | Lemma 3.2 gives I(1) = Zle I(Tx).

Note: In [BraOl] Brady also says 7; < 7Vi € {1,...,k}. We show this in
Lemma 3.8.

Lemma 3.5 (Brady, Reference [Bra0l], Lemma 2.3)
A cycle ¢ of S, permutating k distinct elements, with k € {1,...,n}, has
length l(c) = k — 1.

Proof. Regard some cycle ¢ = (z1...x%) € S, with some k € {1,...,n} and
for all 41,19 € {1,...,k}: i1 # i9 = x4, # T4, such that ¢ permutes k distinct
elements.

1. Then we can represent ¢ = (z1x2)(x223)...(Tx—12k), which gives I(c) <
kE—1.

2. On the other hand we show I(¢) > k — 1 via induction on k: Base
case k = 1: l(c) = l((xx)) =0>1—1=k — 1. Regard now k > 1.
Induction Hypothesis: For all t € {1,...,k — 1}: A t-cycle has length
>t — 1. Induction Step:

(i) Regard ¢ = 71...73,) with transpositions 7; = (p;g;) from Sj,.
Since I(c) is the minimal amount of transpositions ¢ can be dis-
played as, it is 7; # 75 for i # j, and it is T1c = T2 () =
T2...Ty(¢) giving I(1c) < l(c) — 1.

(ii) Since ¢ = (#1...xx) moves elements zy,...,x, it must be 7 =
(xsxj) with 4, j € {1,...,k}, i < j without loss of generality. This
gives a representation

T1C = (xlx])(xlxzxjxk) = (ml...xi_lxj...:ck)(xi...xj_l)

and further by using step 1, Lemma 3.4 and the induction hy-
pothesis:

Z(C) -1 Z(Tlc) = l((xl...x,;_lxj...xk)) + l((xlx]_l))

(G=D)+k=—DN+1) =1+ (G- —i+1)—1=k—2,

AVARIY
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We get I(c) — 1 > k — 2 which means [(c) > k — 1.

Step 1. and 2. give the equality I(c) = k — 1.
O

Note: In the following we will claim for each cycle ¢ = (z1...x%) € S, that
i1 # iag = x;, # x;, without loss of generality.

Lemma 3.6 (Brady, Reference [Bra0l], Lemma 2.4)
If 7 = c1...ck a permutation in S, with k disjoint cycles (including 1-cycles),
then it is [(T) =n — k.

Proof. Using Lemma 3.5 we get that for all ¢ € {1,...,k} we have I(¢;) =
l;—1, where [; is the amount of elements permuted by ¢;. Since the cycles are
disjoint and since we also regard 1-cycles, it is Zle l; = n. Together with
Lemma 3.4 we get (1) = Zle l(c;) = Zle(l,; -1) = (Ele l;)—k=n—k.

O

Definition 3.7 For any cycle ¢, = (z1...7y(c,)41) € Sy and any permutation
o €Sy,

1. We say that ¢, is contained in a cycle ¢z = (y1.--Yi(c,)+1) of o (cr C ¢5),
iff
Vie{l, .., l(c;)+ 1} 35(i) € {1,...,l(co) + 1} @i = y;(5)-

2. If ¢, is contained in ¢,, we say that c, is ordered consistently with o,

iff 3k € N : Viq,i9 € {1, ...,Z(CT) + 1} :
i1 <2 = (j(i1) + k) mod(l(co) + 1) < (ji(i2) + k) mod(l(cs) + 1),

where the < relation on the cosets is defined to be the comparison
between their minimal nonnegative representatatives.

Lemma 3.8 Regard any o € S, defined by disjoint cycles cy...c;, = o. Then
[Licyci <o forallU C{1,... k}.

Proof. Since disjoint cycles commute we have

((Ilen'o = I @

€U 1e{l,....k}\U
Lemréa 3.4 Z Z(CZ) _ Z l(Cl) _ Z l(Cl)
ie{l,.. .k}\U €{1,....k} ielU
Lemga 3.4 l(O‘) . Z(H Ci)
icU

which gives [[;c i < 0.

16



O

Proposition 3.9 (Brady, Reference [Bra0Ol], Proposition 2.6) Regard o €
Sp. Foralla,b e {1,...,n}:

(ab) < o < (ab) is contained in one cycle of o.

Proof.

e "=": Let (ab) < 0. Suppose on the contrary that ¢, = (azi...7y(,))
is the cycle of o containing a, and ¢, = (by1...yy(c,)) is the cycle of o
containing b. Let ¢, be disjoint with ¢;. Then

1((ab)Leacy) = [((ab)cqcp)
= l((ab)(az1...@y(c)+1) (bY1--Yi(ep)+1)
= l((az1. ey 41091 Yi(ey)+1)
R (24 (Ifea) + 1) + (I(ep) + 1) — 1
I(ca) + U(cy) — I((ab)) + 4 # I(o) — I((ab))
cacp) — U((ab)) + 4 # l(cqcp) — 1((ab))

(
Lemrga 3.4 l(

giving (ab) £ cqcp. Since cqcp < o by Lemma 3.8, transitivity gives
(ab) £ o.

e "< If (ab) is contained in cycle ¢y of o, then I((ab) lcyy) =

[((ab)(axy...xby1...ys)) = U((by1...ys)(azy...x)) = U(cap) — 1 = l(cap) —
[((ab)), giving (ab) < cqp. Since c¢qp < o by Lemma 3.8, transitivity
gives (ab) < o

O

Lemma 3.10 For any cycle ¢, € S, and any permutation o € Sy:
We have ¢ < o if and only if

(a) ¢ is contained in a cycle of o and
(b) c; is ordered consistently with o.
Proof.

o "< We regard o = 01...0, disjoint cycles of o (including 1-cycles).
Since (a) holds for ¢, and o, we find that there exists a cycle o5 of o
such that ¢, is contained in os and c¢; is disjoint with all other cycles
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of 0. We get

e log PR ey 1) T W Yo 1)
= (Ti(er)11--21) (Y1 Yi(o5)+1)
(a)
= (Yi(er)+1-Y52)Y5(1)) (Y1 Yi(os)+1)
D Wten ) U@ 50) WL 5 0) Y3 2) - YsUer 1) Vi) +1)
= (%’(1)---3/;‘(2)—1) (%(2)---%(3)-12---

=:iCc1 =:iCc2

- (Z/j(l(cT)Jrl)'--yl(as)+1yl---yj(1)—1)

= Cllcr)+1
and further since disjoint cycles commute
c. o = c;lal...am
= 01...05710;108%“...07”
= 0'1...0'5_161...CZ(CT)+1O'5+1...O'm
=: C1...Gp
giving us p := (m — 1) + (I(¢;) + 1) disjoint cycles. Using Lemma 3.6
we get
llc;lo) = n—p
n—((m—1)+((c-) +1))
n—m-—1Io)—1+1c)+1)
= (o) = l(cr)

which gives ¢, < 0.

e "c. <o = (a)”: (Brady, Reference [BraO1], Proposition 2.7) Suppose
not. Then there exist two elements a,b € {1,...,n} contained in ¢,
but not contained in one cycle of . Then using Proposition 3.9 we get
(ab) < ¢, and (ab) £ o. Transititity gives ¢, £ o.

e "¢, <o = (b)": Suppose not.

-1 Lemma 3.5

Cr Os = (z1.. fL’Z(cT )" 1(y1'"yl(as)+1)
= (901 )(yl---yl(as)Jrl)
(@)
= (yj(l (er)+1--¥5 @)Y (1) (Y1 Yi(oy)+1)
~(b)
= (%m%ﬂ Yi@)Yi(1))

(1Yo (0) Y (o(2)) Y (olU(er) +1)) i) +1)
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with some permutation ¢ € Sy )11, ¥ # id. This gives less than
I(c;) + 1 disjoint cycles, and with Lemma 3.6 we get I(c;1o) # (o) —
I(cr), which means ¢; £ o.

O

The definition of a cycle ordered consistently with a permutation in this
thesis is different from the Definition 2.8 of Brady, Reference [Bra0Ol]. We
now show that both definitions are equivalent:

Lemma 3.11 For any cycle ¢ € Sy, with l(c;) > 1 and for any permutation
o€ Sy:

¢ is ordered consistently with o
& Va,b,ce{l,...,n}: (abc) < c; = (abc) < o

Proof. Regard ¢, = (z1...7(c,)41). Define ¢, as the cycle of o containing the
element x1. Without loss of generality we represent it as ¢, = (yl...yl(cd)ﬂ)
with y; = x;. Using Lemma 3.10 we get Viy,ia € {1,...,1(c;) + 1}, i1 # io:

($1$i1$i2) <ecr & 11 <19

\
(r12iymiy) <0 < Fj(ir),7(i2) € {1, ..., l(co) + 1} : §(i1) < j(i2)

and x;, = yj(’il) » Tig = Yj(ia)

Since x1 could be chosen as any element of ¢; by using the modulo operation,
the result follows by setting a = z1,b = x;; and ¢ = z,.

O

Now, since we have characterized the meaning of a cycle being lower
than or equal to a permutation, we can define the following:

Definition 3.12 (Brady, Reference[Bra0l], Definition 2.11) Regard 7,0 €
Sn. We say that T has crossing cycles with respect to o, iff

Ja,b,c,d € {1,...,n} : (abed) < o and (ac) < 7 and (bd) < 7 but (abed) £ 7.

Lemma 3.13 Let (7)icq1,.. 5y be any family of pairwise disjoint cycles of
Sn, and (0i)ieq1,.. ky be any family of pairwise disjoint cycles of Sn. Then

k k
7 < oVi € {1, ,k‘} = HTZ‘ < HO‘i.
=1 =1
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Proof. Lemma 3.10 gives, that for all j € {1,...,k} 7; is contained in o;
and disjoint with all other cycles of (0);c(1,... ky\(;3- This gives

k k k
l((HTi)AHUZ-) = l(HTi_lai)
=1 =1 =1
Lemr;a 3.4 Xk: Z(Ti_l(fi)

i=1
' k
mEELRY S (15— 1(m)
1=1 .
_ zz oi) = 1(r)
i=1
) k
Lemma 3.4 Z(H0i> - l(HTi)
i=1 =

which gives the result.

Lemma 3.14 (Brady, Reference [Bra0l], Lemma 2.12)
For all distinct a,b,c,d € {1,...,n} we have (ac)(bd) % (abed).

Proof. l((( ¢)(bd)) " (abed) ) ( ) ((ac)(abed) )) = l((bd)(ab)(cd)) -
[((adcb)) =3 #1=3—2=1((abed)) — I((a )(bd)) which gives the result.

O

Thoerem 3.15 (Brady, Reference [Bra01], Theorem 2.14)
Regard any 7,0 € S,,. We have T < o if and only if

(a) each cycle of T is contained in a cycle of o and
(b) each cycle of T is ordered consistently with o and
(c) T has no crossing cycles with respect to o.
Proof.

o (a),(b)&(c) = 7 < o: We show via induction on the amount ¢ of
distinct elements transposed by o, that (77 10) = (o) — () for all
T € S, fulfilling (a), (b) and (c) with o.

1. Base Case t = 0: Then ¢ = id and because of (a) it is also 7 = id.
This gives I(7710) = I(id) = 0 = I(id) — I(id) = (o) — I(7).
Regard now t > 0:
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2. Induction Hypothesis: For all ¢ € 5, transposing less than t
distinct elements it is [(771o’) = I(0) —I(7) for all T € S, fulfilling
(a), (b) and (c) with o.

3. Induction Step: If o consists of more than one cycle, each cycle of
771 can commute with those cycles of ¢ it is disjoint with. Then
we can show the result directly from the induction hypothesis by
using Lemma 3.4. So we regard just one cycle o = ¢,. Let 7 =
T1...T, be disjoint cycles of 7. Because disjoint cycles commute
and because the result is trivial for 7 = id, we can assume that
71 # id. Since (a) and (b) hold for 7 and o, the proof of Lemma
3.10 shows that for 71 = (21...7(7,)41) and for o = (y1.-.Yj(0)41)
we have

71_10' = (yj(l)'-'yj(z)A) (yj(2)---yj(3)fl)
—ie1 =:co
o (Wi 1) - Yi(o)+1Y1 - Yj (1) 1)
= C(r)+1
and 71 < o.
We define & := 7, ‘o and 7 := 7, '7 and get
o = 7715

Now we show the conditions (a),(b) and (c) for 7 and &:

(a) Each cycle of 7 is contained in a cycle of 6: Suppose on the
contrary that there exists r € {2, ..., k} such that 7, contains
two Elements y, and y, contained in different cycles of &,
with indices u,v € {1,...,1(c) + 1}, u # v. Because 7, and 7
are disjoint, this means that there exist two indices 1,1 €
{1,...,1(cs) + 1}, i1 # i2, such that j(i1) < u < j(i2) < v or
u < j(i1) <wv < jig).

We regard the first case. Because of Lemma 3.10 we would
find (i) Yuljtia) Vo) < 0 (YuYo) < 7 < 7 and (Yj,)Yj(is)) <
71 < 7, but (yj,)Yu¥j(s)¥0) £ T, which would led to the
wrong state that 7 has crossing cycles with respect to o.

In the other case we would get an analogue contradiction.

(b) Each cycle of 7 is ordered consistently with &, because each
cycle of 7 is also a cycle of 7, because (b) holds for 7 and o,
and because we can represent ¢ and o in a way that the order
of elements contained in the cycles of ¢ is the same than in
.
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(¢) The Permutation 7 has no crossing cycles with respect to 4:
Suppose there exist a,b,c,d € {1,....,n} : (abed) < & and
(ac) < 7 and (bd) < 7. We show (abcd) < 7. Using Lemma
3.10 we get (abed) < o and (ac) < 7 and (bd) < 7. Since T
has no crossing cycles with respect to o, it follows (abed) < 7
and further (abed) < 7, because (abed) is disjoint with 7.

Because (a), (b) and (c) also hold for 7 and &, we can use the
induction hypothesis for each cycle of & by using Lemma 3.4 after
having commuted the cycles of 7 with those of ¢ they are disjoint
with. We get

I to) = 1(7716)

= 1(5) — I(7)

Since 71 < ¢ by Lemma 3.10 and 7 < 7 by Lemma 3.8 this is
equal to

which gives 7 < 0.

e 7 < o = (a),(b): For each cycle ¢, of 7: Lemma 3.8 gives ¢, < o.
Then Lemma 3.10 gives the states (a) and (b).

e 7 < 0 = (c) (Brady, Reference|Bra0l], Proposition 2.13): Suppose
there exist a,b,c,d € {1,...,n} such that (abed) < o, (ac) < 7 and
(bd) < 7. We show (abed) < 7. Since (abcd) < o, Lemma 3.10 gives
that a, b, ¢ and d are contained in the same cycle of o, and (acbd) £ o.
Let further 7,. be the cycle of 7 containing a and ¢, and 7,4 be the
cycle of 7 containing b and d.

— If 74 = T4, then we find a representation such that either 7,. =
(...a..b...c..d...) or 7ge = (...a...c..b..d...). If the second case
holded, Lemma 3.8 would give 7, < 7 and with Lemma 3.10 and
transitivity we would get (acbd) < 74 < 7 < o in contradiction
to (acbd) £ o. So it is Tgc = (...a...b...c...d...), and Lemma 3.8
and Lemma 3.10 give (abcd) < 7.

— If 74 # Tpq, then since we assumed them to be disjoint, Lemma
3.13 gives (ac)(bd) < T4eTpg. With Lemma 3.8 we get T4cTpg < 7
and transitivity gives (ac)(bd) < o. Lemma 3.14 now gives the

contradiction (ac)(bd) £ (abed) < o.

O
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Lemma 3.16 (Brady, Reference [Bra0Ol], Lemma 3.9) For 7,0 € Sy:
7T<o0 & o <o
& or ! <o.

Proof. Lemma 1.8 gives the result for the unitary group, and the result for
Sy, follows by Theorem 3.3.

O
Lemma 3.17 (Brady, Reference [Bra0l], Lemma 3.10) For 7,0,¢ € S, if
d<1<o0, thenp ‘1 <o lo and 770 < ¢~ lo.
Proof. Lemma 1.9 gives the result for the unitary group, and the result for
S, follows with Theorem 3.3.

O

Note: Brady’s proof of his Lemma 3.9 in [Bra01] is a bit different from our
proof of our Lemma 1.8. This might help us to understand that the partial
order can indeed be transferred from the unitary group to the symmetric

group.

3.1 Example S, with n =3

Sy = {id, (12), (23), (13), (123), (132)}
100 001 01 0
Mig=10 1 0| =1I,Mug={10 0| ,Mun=|00 1],
001 010 100
01 0 10 001
M(12)<1 0 0 ,M(23)<0 0 1] ,Muzp=(0 10
001 0 1 100
000
Vi, | = lim(Msq —I)| =]im |0 0 0| |=0=1I(:d)
000
-1 1 0
Vi | = lim(Magy = D =lim [ 1 —1 0] |=1=1((12))
0 0
0 0 0
VM) | = [im(Mgy = I)| = [im | 0 —1 1 [[=1=1((23))
0 1 -1
-1 0 1
Vgl = lim(Mggy — I)| =lim | 0 0 01 |=1=1((13))
1 0 —



-1 0 1
‘VM(123>‘ = ‘im<M(12) —Dj=]im| 1 -1 0 ||=2=
1

0o 1 -
-1 1 0

VM) | = [im(Mz2) — I)| = [im ( 0 -1 1 ) | =2=1((132))

1 0 -1
We get the following partial order on Ss:

(123) (132)

3.2 Example S5, with n =14

We get the following partial order on Sy:
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(24) (14)(2 (1423)
(234)
(34) (243) (1432)

The elements displayed in blue color are the ”allowable elements”, the
topic of the next chapter:

4 The Lattice of Allowable Elements

Since we have studied the set of permutations as a partially ordered set, we
now ask for a possibility to form a lattice.

We now regard the set II,, of all partitions of {1,...,n}. It is a partially
ordered set (II,, <) with the partial order < defined via m; < g, iff every

25



block of 7 is contained in a block of 79 (Reference [Stal2]). The cycle
structure of a permutation o € S5,, defines a partition of II,,. We will denote
this partition {0} like Brady did (Reference [Bra01]).

Definition 4.1 (Brady, Reference [Bra0l], Definition 3.1) We fix the n-cycle
v := (1...n). Then we define

o = {UESnlagv}

the set of ”allowable elements”.

Definition 4.2 (Brady, Reference [Bra0l]) Regard any partition P € II,,.

e We say that two blocks By and Bs of P cross, iff there are integers
a,b,cand d € {1,...,n} sothat 1 <a<b<c<d<nanda,cé€ B
and b,d € Bs.

e P is called noncrossing if none of its blocks cross.
Like in [Bra01] we will denote NC'P(n) the subset of noncrossing parti-
tions of II,,. For h: &/ — 1I,,, 0+ {0} it is im(h) = NCP(n).

Lemma 4.2 (Brady, Reference [Bra0l|], Lemma 3.2) For all 7,0 € </ :

T<o<{r} <{o}

Proof. Since 7 < v and o < v Theorem 3.15 gives that the permutation 7
is ordered consistently with ¢ and that 7 has no crossing cycles with respect
to 0. So Theorem 3.15 gives 7 < 0 < each cycle of 7 is contained in a cycle
of o, which is equivalent to {7} < {o}.

O

In Reference [Kre72] Krevaras shows that the poset NCP(n) forms a
lattice. In [Bra0Ol] it says ”The meet operation is made up by intersection
and the join operation is made up by the noncrossing closure of the union.”
In [Bra0I] Brady also mentions that ”the rank function on NCP(n) given
in [Kre72| corresponds with the length function on &/”, and that ”the atoms
correspond to the transpositions”.

Definition 4.3 (Brady, Reference [Bra(l], Definition 3.3) ”For each 7,0 €
&/ we define the permutation 7 A ¢ by the following conditions.

(a) The numbers z and y belong to the same cycle of 7 A ¢ if and only if x
and y belong to the same cycles in both 7 and o.

(b) The order of elements in the cycles of 7 A ¢ is consistent with ~.”
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Lemma 4.4 (Brady, Reference [BraOl], Lemma 3.4) For each 17,0 € <
TANo € & and T Ao is the greatest lower bound of T and o. We call it meet
of T and o.

Proof. Using Theorem 2 of reference [Kre72] we get that {TAc} € NCP(n).
Further it is {TAc} = {T} A{o}. We get that T Ao € &7. The result follows
from Lemma 4.2.

O

Definition 4.5 (Brady, Reference [Bra0l], Definition 3.5) "For each 7,0 €
/. We define the permutation 7 V o by the following conditions.

(a) {Tvao}={r}Vis}.
(b) The order of elements in the cycles of 7V o is consistent with ~.”

Lemma 4.6 (Brady, Reference [Bra0l], Lemma 3.6) For each 7,0 € Sy:
TVo € and TV o is the least upper bound of T and 0. We call it join of
T and o.

Proof. Because {7}V {o} € NCP(n) and because the cycles of {7} V {o}
are ordered consistently with v, it is 7V o € &/. Using Theorem 3 of [9],
{r}V {0} is the least upper bound of {7} and {¢} in NCP(n), and Lemma
4.2 gives the result for <.

O

Now we have got the following theorem:

Theorem 4.7 (Brady, Reference [Bra0l], Theorem 3.7) The poset (<, <)
with the above definitions of meet and join forms a lattice.

In chapter 3 we saw that the symmetric group can be regarded as a sub-
group of the unitary group over a finite dimensional unitary vector space.
It is also possible to generalize the theorem above: Two distinct elements
of U(C™) do not have a common upper bound. Because of that the poset
U(C™) does not form a lattice by itself. So we regard an interval of elements
of the unitary group. The basic idea is the same as using allowable elements:

Theorem 4.8 (Brady and Watt, Reference [BW02], Theorem 2) If A < C
in U(C™) and |Vo| — |Va| = m € {0, ...,n}, then the interval [A,C] ={B €
U(C")|A < B < CY} is isomorphic to the lattice of subspaces of C™ under
inclusion.

Proof. Since the interval [Vy4, Ve] in the lattice of subspaces of C™ has
dimension |Vg| — |Va| = m, it is isomorphic to C™.

Regard g : [A,C] — [Va, Vo], B — Vp:
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e The function g is well defined: Let B € [A,C]. Then Corollary 1.7
gives

A< B=V,CVp
e The function g is bijective: Regard any S € [Vy4, Viz]. We show that
there exists exactly one B € [A, C] such that Vg = S.

(a) Theorem 1.12 gives SC Vo =3B U(C"): B<CAVp=2S.

(b) Since V4 C Vi Theorem 1.12 gives that 3!A" € U(C") :
A" < BAVy = V4. Since B < C by (a), transitivity gives
A’ < C. Since V4 C Vg, the uniqueness part gives A = A’ and
then we have A < B.

The result follows from (a) and (b).

e The function g respects the partial orders: Regard A < B < B’ < C.
Then by Corollary 1.7: V4 C Vg C Vg C V.

e The function g*1 respects the partial orders: Regard V4 C U C U’ C
V. Since g is bijective we find unique B, B’ € [A, C] such that U = Vp
and U’ = V. We regard a restriction of g mapping bijectively from
the interval [A, B’| to the interval [V4, Vp/], and find that for U €
[Va, V] there is a unique B” € [A, B'] satisfying U = Vgr». Because
of [A,B] C [A,C] we get B” = B and because of B” < B’ we get
B<B.

O

Corollary 4.9 (Brady and Watt, Reference [BW02], Corollary 4) If C' €
U(C™) and S1 C Sy C ... C Sk, = V¢ is a chain of subspaces in V¢, then
C factors uniquely as a product of k transformations C = B1Bs...B, with
B1By...B; < C and Vp,B,..B, = Si. for alli € {1,...,k}.

Proof. For any i € {1,...,k} it is S; C Vo, so Theorem 1.12 gives a unique
C; € U(C™) such that C; < C and Vi, = S;. We define By := C} and B; =
(Ci_l)_lCi for ¢ € {2, . k}, so that B1Bs...B; < C and VBlBQ...Bi =.S5;. By
Theorem 1.12 it is B; unique. It follows via induction that B; is unique for
allie{1,.., k}.

O

Using this Corollary in case of maximal chains, we get a strong version of
the Cartan-Dieudonné Theorem, with respect to the fact that char(C) # 2:
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Corollary 4.10 (Brady and Watt, Reference [BW02], Corollary 5) If C' €
U(C™) with |Vo| = k and {0} C S1 C Se C ... C Sk = Vo is a mazimal
flag in Vo, then C factors uniquely as a product of k complex reflections,
C = RiRs...Ry, with VRle...Ri =5; fO?“ all i € {1, ey k}

Proof. For all i € {1,...,k} regard C; and B; defined in the proof of
Corollary 4.9. We further define Sy := {0} C Vi, then it is Cp := I the
unique transformation satisfying Cy < C' and V¢, = Sp.
It is S; = Vg, and C; € [I,C)] for all i € {0,..,k}. Since the function g~!
defined in the proof of Theorem 4.8 respects the partial orders, we get for
alli e {1,...,k}: Vg,_, C Vo, = Ci—1 < C;. This gives

‘VBz‘ = ‘V(Ci,l)—l(Ji‘
‘VC¢| - |VCz‘71|

tadl|
IA
Q

1S —1Si-1] = 1.
/l\

max. flag

Using Corollary 1.14 we get that B; is a complex reflection, so we set R; := B;
for all i € {1, ..., k}.
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